The problem of small spacecraft minimum-fuel heat rate-constrained aeroassisted orbital transfer between two low-Earth orbits with inclination change is considered. Assuming impulsive thrust, the trajectory design is described in detail and the aeroassisted orbital transfer is posed as a nonlinear optimal control problem. The optimal control problem is solved using an hp-adaptive pseudospectral method and the key features of the optimal trajectories are identified. It was found that the minimum impulse solutions are obtained when the vehicle enters the atmosphere exactly twice. Furthermore, even for highly heat rate-constrained cases, the final mass fraction of the vehicle was fairly large. Finally, the structural loads on the vehicle were quite reasonable even in the cases where the heating rate was unconstrained. 
Introduction
The use of small spacecraft has been recognized in recent years as a concept that can greatly increase the operational responsiveness of space. 1, 2 In particular, small spacecraft can potentially be used on short notice for rapid repositioning. To maximize operational responsiveness, it is useful for these small spacecraft to have the ability to maneuver while in the atmosphere, thus enabling these vehicles to perform an aeroassisted orbital transfer. The use of atmospheric forces can potentially enhance an on-orbit maneuver (for example, inclination change) while simultaneously lowering fuel consumption, thereby reducing the overall cost of a mission as compared to using an all-propulsive orbital transfer.
Aeroassisted orbital transfer maneuvers fall into the following categories: aerobrake, aerocapture, aeroglide, aerocruise, and aerogravity assist. An aerobrake is a purely aerodynamic maneuver where the atmosphere is used to reduce the size of the orbit. An aerocapture is an atmospheric maneuver that depletes a sufficient amount of energy to change the orbit from hyperbolic to elliptic relative to the centrally attracting body. An aeroglide is a non-thrusting maneuver while the vehicle is in the atmosphere, but is typically combined with exo-atmospheric thrusting maneuvers to change the size, shape, and orientation of the orbit. An aerocruise is a maneuver that combines the use of atmospheric force with thrusting in the atmosphere. Finally, an aerogravity assist combines the atmosphere with propulsion and gravity to modify a hyperbolic orbit (i.e., an aerogravity assist is an aerodynamically assisted planet swing-by).
The concept of an aeroassisted orbital transfer originates with the work of London.
3 Early work on aeroassisted orbital transfer is summarized in the survey papers of Refs. 4 and 5. Since that time, a great deal more work has been done on the problem of minimum-fuel aeroassisted orbital transfer and guidance for large spacecraft. While a great deal of work has been done on aeroassisted orbital transfer for large spacecraft, the problem of aeroassisted orbital for small spacecraft has received little attention. In this research we consider the problem of aeroassisted orbital transfer for vehicles of much smaller mass from those that have been used in previous studies (i.e., a vehicle of mass less than 1000 kg as compared to a vehicle of mass ≈ 5000 to 10000 kg). Vehicles of the size considered in this research have also been considered for use in atmospheric flight trajectory design as given in Refs. [18] [19] [20] . Using a vehicle of small mass, the objective of this research is to gain a better understanding of the performance requirements and the structure of minimum-fuel trajectories for transferring a small spacecraft between two low-Earth orbits with a constraint on heating rate and a change in inclination. The optimal aeroassisted orbital transfer problem is posed as a nonlinear multiple-phase optimal control problem and the optimal control problem is solved via direct collocation using the hp-adaptive 21 version of the open-source optimal control software GPOPS. 22 The overall performance of the vehicle is analyzed as a function of the number of atmospheric passes, required inclination change, and maximum allowable heating rate. Finally, the key features of the structure of the optimal trajectories are described in detail.
This paper is organized as follows. In Section 2 we state the equations of motion and physical model for the vehicle under consideration in this study. In Section 3 we provide a detailed description of the problem formulation. In Section 4 we describe the results of the numerical optimization study.
In Section 5, we provide a discussion of the results. Finally, in Section 6 we provide conclusions.
Equations of Motion and Vehicle Model
The equations of motion for a vehicle in motion over a spherical non-rotating Earth are given in spherical coordinates as 13, 23, 24 r = v sin γ,
The atmospheric density and aerodynamic coefficients are modeled, respectively, as
where h = r − R e . In this study we choose a high lift-to-drag vehicle of small mass similar to that studied in Ref. 25 . The aerodynamic data for this vehicle, along with the physical constants, are shown in Table 2 . It is noted that u 1 and u 2 correspond to the quantities
where σ = tan −1 (u 2 , u 1 ) and tan −1 is the four-quadrant inverse tangent function. It is noted that C L and C D are omitted from Eq. (1) during exo-atmospheric flight. Furthermore, we note that no constraints are placed on the relative position between the spacecraft and a particular point on the Earth and the trajectory transfer time is small. Thus, for the purposes of this study a non-rotating Earth model is sufficient. Finally, it is noted that qualitatively results obtained this research will not change using a higher-fidelity gravity model, and thus a spherical gravity model is used.
Problem Formulation
In this section we formulate the problem of transferring a small spacecraft, whose model is given in Section 2, between two low-Earth orbits with an inclination change and a constraint on the heating rate while minimizing the fuel consumption. The components required for this orbital transfer are developed as follows. In Section 3.1 we formulate the trajectory event sequence. In Section 3.2 we provide the initial and terminal conditions. In Section 3.3 we develop the interior point constraints. In Section 3.4 we formulate the path constraints during flight. In Section 3.5 we develop the objective functional that is to be minimized.
Trajectory Event Sequence
Let n be the number of atmospheric passes during the orbital transfer. The trajectory event sequence
for an n-pass transfer is as follows. First, the following phases and events initiate the transfer (see Finally, the trajectory terminates with the following three phases and events (see Fig. 1c ):
(vi) Event: an impulse applied at the maximum altitude of the sensable atmosphere;
(vii) Phase: an exo-atmospheric flight segment that terminates at the final orbital altitude;
(viii) Event: an impulse applied at the final orbital altitude to re-circularize the orbit.
Initial and Terminal Conditions
The initial conditions correspond to those of an equatorial circular orbit of altitude h 0 . This initial orbit is given in terms of orbital elements as
where the values for Ω(t 0 ), ω(t 0 ), and ν(t 0 ) are arbitrarily set to zero. The terminal conditions correspond to a circular orbit of altitude h f and are given as
where i f is the prescribed inclination of the terminal orbit. Because the terminal orbit is circular and no constraints are placed on the location of the spacecraft in the terminal orbit, the values Ω(t f ) and ω(t f ) are undefined while the value ν(t f ) is free.
Interior Point Constraints
The following interior point constraints are imposed at each entry and exit to the atmosphere. First, in order to ensure that the vehicle is descending upon atmospheric entry, the following constraints are imposed at each atmospheric entry:
where t atm 0
is the time at the start of any atmospheric flight segment. Next, in order to ensure that the vehicle is ascending upon atmospheric exit, the following constraint is imposed at each atmospheric exit:
where t
is the time at the terminus of any atmospheric flight segment.
Vehicle Path Constraints
The following three inequality path constraints are enforced on the vehicle during atmospheric flight.
First, the angle of attack is constrained as
We note, however, because the coefficient of lift is linear in α, it is more convenient to constrain
Consequently, the controls u 1 and u 2 given in Eq. (3) must satisfy the inequality constraints
In addition, using the fact that u
L together with Eq. (9, we have
In this research the maximum coefficient of lift isC L = 0.4 which corresponds to a maximum angle of attackᾱ ≈ 40 deg.
Next, a constraint is placed on the stagnation point heating rate. Using the Chapman equation 26 the stagnation point heating rate, denotedQ, is computed aṡ
where v c = µ/R e . BecauseQ is always positive during atmospheric flight, it can be transformed monotonically via the natural logarithm as
where we have used Eq. (2) to obtain the result of Eq. (13). Computationally, Eq. (13) is better behaved in the optimization than the original constraint of Eq. (12) . Finally, we constrain the altitude during atmospheric entry to be 0 ≤ h ≤ h atm which implies that R e ≤ r ≤ h atm + R e .
Thus, the following five inequality path constraints are imposed during atmospheric flight:
whereQ is the maximum allowable value of the stagnation point heating rate.
Performance Index
The objective of the aerogliding maneuver is to minimize the fuel consumed during the transfer.
Assuming impulsive thrust maneuvers, the instantaneous impulse, ∆V , is a direct measure of the fuel consumed during a thrusting maneuver. The objective is then to minimize the sum of the magnitudes of the impulses during the transfer, that is, to minimize the cost functional
where we recall that ∆V 1 , ∆V 2 , and ∆V 3 are the de-orbit, boost, and re-circularization impulses, respectively, as shown in Figs. 1a-1c. The mass lost due to the application of an instantaneous impulse can then be computed from the Goddard rocket equation as
where m + and m − are the values of the mass immediately before and after application of the impulse. An equivalent cost can be formulated to maximize the final mass of the vehicle, that is,
While either Eq. (15) or (17) can be used, in this research we use Eq. (17) for the objective functional.
Optimal Control Problem
The optimal control problem that corresponds to the trajectory design given in Section 3.1 is now stated as follows. Determine the trajectory (r(t), θ(t), φ(t), v(t), γ(t), ψ(t)), the controls (u 1 (t), u 2 (t)), and the impulses (∆V 1 , ∆V 2 , ∆V 3 ), that minimize the cost functional of Eq. (17) subject to the dynamic constraints of Eqs. (1), the initial and terminal constraints given in Eqs. (4) and (5), the interior point constraints of Eqs. (6) and (7), and the path constraints of Eq. (14) . The optimal control problem was solved in canonical units where length is measured in Earth radii, time is measured in units of R 3 e /µ, speed is measured in units of µ/R e , and mass is measured in units of the initial mass of the vehicle, m 0 . The optimal control problem is solved using the hp-adaptive version of the open-source pseudospectral optimal control software GPOPS 21, 22, 27 with the MATLAB version of the NLP solver SNOPT 28, 29 using default feasibility and optimality tolerances. Moreover, all NLP derivatives were computed using the MATLAB automatic differentiator INTLAB. 30 The hp-adaptive version of GPOPS implements the Radau pseudospectral method as described extensively in Refs. 31 and 32 together with the hp-adaptive mesh algorithm detailed in Ref. 21 . The mesh refinement algorithm determines iteratively the number of mesh intervals and the number of collocation points. On each mesh the errors in the solution are assessed by determining how accurately the differential equation and path constraints are satisfied between the collocation points.
The mesh refinement terminates when a grid is obtained that satisfies the accuracy tolerances. In this research the hp-adaptive accuracy tolerances were three orders of magnitude less than the SNOPT feasibility tolerance.
Results
The aeroassisted orbital transfer problem described in Section 3 was solved using GPOPS 21, 22, 27 for n = (1, 2, 3, 4 
where v 0 is the initial orbital speed. It is known that the bi-parabolic transfer is more efficient for ∆i > 49 degrees. Therefore, in our analysis, we will compare the aeroassisted orbital transfer fuel consumption against the single impulse maneuver when ∆i ≤ 49 deg and against the bi-parabolic transfer when ∆i > 49 deg. Figure 2a shows the minimum total impulse, ∆V min , for the heating rate-unconstrained aeroassisted maneuvers alongside the all-propulsive maneuvers as a function of i f . First, examining Fig. 2a it is seen that aeroassisted minimum impulse is highly insensitive to the number of atmospheric passes, n, for any given value of i f . Next, it is apparent from Fig. 2a that the aeroassisted minimum impulse is much more fuel-efficient than the all-propulsive minimum-impulse for larger values of i f . Next, Table 3 shows the trends in ∆V min for small values of i f in the case where n = 1. It is seen from Table 3 In addition to the total ∆V min , it is interesting to see how the minimum impulse is divided between de-orbit (∆V 1 ), boost (∆V 2 ), and re-circularization (∆V 3 ). Specifically, Figs. 3a-3c show that the de-orbit and re-circularization impulses are significantly smaller than the boost impulse.
Overall Performance

Heating Rate-Unconstrained Solutions
Next, Fig. 3d shows the impulse lost to drag, ∆V D , in the atmosphere as a function of n and i f . As might be expected, the boost impulse, ∆V 2 , essentially compensates for the velocity loss during the atmospheric maneuver. Thus, for a given inclination change, the increase in ∆V min for any number of passes is dominated by the need to apply more impulse to overcome velocity loss due to atmospheric drag. Next, Fig. 4a shows the total inclination change accomplished by aerodynamic forces, ∆i aero , as a function of the number of atmospheric passes. It is seen that the amount of inclination change performed by the atmosphere is essentially constant as the function of the number of atmospheric passes. This last result implies that entering the atmosphere multiple times does not improve the amount of inclination change that is possible over a single atmospheric pass when the heating rate is unconstrained. Furthermore, because ∆V 1 and ∆V 3 are each two orders of magnitude smaller than ∆V 2 , the exo-atmospheric portion of the inclination change is performed almost exclusively with ∆V 2 . Finally, Fig. 4b shows the total trajectory time as a function of the number of atmospheric passes. As may be expected, the transfer time increases as a function of n.
Heating Rate-Constrained Solutions
Figs. 5a-5d show the total minimum impulse, ∆V min as a function of the number of atmospheric passes, n,Q, and i f , while Figs. 6a-6d show the corresponding results for the final mass fraction, m(t f )/m 0 . Similar to the heating rate-unconstrained solutions, it is seen that ∆V min is insensitive to the number of atmospheric passes, but increases noticeably asQ decreases. In addition, Figs. 5a-5d
shows that the difference in ∆V min between the aeroassisted and all-propulsive maneuvers decreases with decreasing maximum allowable heating rate,Q. Finally, it is seen for the case whereQ = 400 W/cm 2 and i f = 60 deg that the final mass fraction is ≈ 0.17 which is still seven percent higher than the all-propulsive maneuver, while for the caseQ = 400 W/cm 2 and i f = 80 deg the final mass fraction is ≈ 0.08 which is two percent lower than that of the all-propulsive maneuver. Thus, the all-propulsive maneuver is slightly more fuel-efficient than the aeroassisted maneuver when the heating rate is highly constrained and the desired inclination change is very large.
Next, let S be the sea level gravity-normalized specific force, defined as
Figs. 7a-7d show the maximum value of S, denotedS, as a function of the number of atmospheric passes,Q, and i f . It is seen that, when the heating rate is unconstrained, S varies between ≈ 4
for i f = 20 deg and ≈ 17 g for i f = 60 deg. On the other hand, when the heating rate is highly constrained, S < 1 which implies that the maximum specific force, g 0 S, is less than the standard acceleration due to gravity. The results of Figs. 6a-6d and Figs. 7a-7c show that a fully loaded vehicle of mass m 0 = 818 kg (used in this study) would be able to complete a 60 deg highly heating rate-constrained maneuver and still be left with a dry mass as large as ≈ 140 kg.
Structure of Optimal Trajectories
The key features of the trajectories are seen by examining the solutions obtained for one atmospheric pass, n = 1, and a 40 deg inclination change, i f = 40 deg, for different values ofQ and comparing these solutions with the solutions obtained for n > 1. First, Figs. 8a and 8b show h vs. v andQ vs. t, respectively, forQ = (∞, 400, 800) W/cm 2 . It is interesting to observe the difference between the behavior of the optimal solution for the unconstrained and constrained heating rate cases. In the case where the heating rate is unconstrained, the vehicle enters the atmosphere once, whereas in the case where the heating rate is constrained the natural solution is for the vehicle to enter the atmosphere twice. The fact that the optimal solution uses two atmospheric passes is seen in Fig. 8a where, although we have set n = 1, the vehicle descends into the atmosphere twice while re-ascending to near the edge of the sensable atmosphere, h = h atm , between the two descents.
Although one might expect that the vehicle would only descend into the atmosphere once for n = 1, when we solved the problem by forcing a single descent into the atmosphere, we obtained a higher cost. Next, Fig. 8c shows h vs. γ. In this case it is seen for the case whereQ is unconstrained that the atmospheric flight contains an equilibrium glide segment where altitude changes at a nearly constant flight path angle. In the case where the heating rate is constrained, however, an equilibrium glide segment does not exist.
The observation that the optimal heating-rate constrained solution for n = 1 is actually to utilize the atmosphere twice suggests that the structure of the optimal heating rate-constrained solutions for n > 2 may simply reduce to the optimal solution for n = 2. In order to test this hypothesis, the structure of the optimal solutions for more than two atmospheric passes was examined in more detail. Figures 9a-9d show h vs. v for n = (1, 2, 3, 4), i f = 40 deg, andQ = 400 W/cm 2 . First, it is seen that the solution for n = 2 is identical to that for n = 1, demonstrating that adding a second atmospheric pass is the same as allowing for a single atmospheric pass because the vehicle performs the same maneuver in either case. Next, the solutions for n = (3, 4) are again essentially the same as those obtained for either n = 1 or n = 2 because the altitude during an intermediate pass through the atmosphere is never low enough to effect an inclination change. The negligible effect of using more than two atmospheric passes is further validated by examining the heating rate during atmospheric entry. Specifically, Figs. 10a-10d show that the structure ofQ for n = 1 is essentially identical to the structure ofQ for n = (2, 3, 4). In particular, Figs. 10b and 10c show that the maximum value ofQ during the intermediate atmospheric passes (i.e., , the second atmospheric pass for n = 3 and the second and third atmospheric passes for n = 4) are extremely small, rendering these atmospheric passes insignificant. It is interesting to observe that the structure of the optimal trajectory for n = 1 is the same as that for n = (2, 3, 4), the only difference being the total trajectory transfer time due to the fact that we are requiring more atmospheric entries when n = (3, 4) as compared to when n = 2 (which, we re-emphasize, is equivalent to n = 1 for the case where the heating rate is constrained). Finally, it is seen from Figs. 11a-11d that the location of the maximum specific force exerted on the vehicle is coincident with the location of the maximum heating rate.
Next, we examine the structure of the controls α and σ. Figures 12a and 12b show α and σ, respectively, vs. t for n = 1, i f = 40, and various values ofQ. As may be expected, α attains its maximum value of 40 deg near the regions of atmospheric flight where the heating rate is large.
Furthermore, it is seen that the vehicle enters the atmosphere with σ ≈ 100 deg and leaves the atmosphere with σ ≈ −100 deg. This behavior in the bank angle is consistent with the need to increase inclination upon atmospheric entry (thereby requiring that the bank angle be ≈ 90 deg at atmospheric entry) and align the velocity with the plane of the terminal orbit upon atmospheric exist (thereby requiring that the bank angle be ≈ −90 deg at atmospheric exit).
Discussion
The results of this study highlight several interesting aspects of using aerogliding maneuvers to change the inclination of a vehicle in low-Earth orbit. First, it is seen that a relatively small upper limit (approximately 400 W/cm 2 ) can be placed on the heating rate during atmospheric entry while still providing a final mass fraction m(t f )/m 0 ≈ 0.17. Second, it is seen that the natural minimumimpulse solution in the presence of a heating rate constraint is to utilize two passes through the atmosphere. The first atmospheric pass contains a segment that lies on the heating rate constraint while the second pass only touches the heating rate for an instant of time. Moreover, the structure of the heating rate-constrained solutions is the same for two or more atmospheric passes. Finally, it is seen that the minimum-impulse obtained using the aerogliding maneuver is significantly less than either a direct or bi-parabolic all-propulsive maneuver.
It is also interesting to contrast the results obtained in this study as compared with those obtained in Ref. 13 . In particular, Ref. 13 studies the problem of minimum-fuel aerogliding maneuvers from geostationary orbit to low-Earth orbit for a much more massive vehicle from the one considered in this study. For the vehicle used in this study, the results of Section 4 show that the minimum impulse is obtained using exactly two atmospheric entries. In the work of Ref. 13 , however, the minimum ∆V decreases as the number of entries into the atmosphere increases. Thus, when a more massive vehicle is used to make a large change to the size and inclination of the orbit, it is advantageous to use a large number of atmospheric passes over using a single atmospheric pass. 
Conclusions
The problem of transferring a small high lift-to-drag ratio vehicle between two low-Earth orbits using aeroassisted maneuvers has been considered. A trajectory has been designed that includes a de-orbit, boost, and re-circularization impulse together with atmospheric flight segments. The trajectory design was optimized by numerically solving a nonlinear optimal control using an hpadaptive pseudospectral method. It was found that the natural optimal solution to the problem was to perform two adjacent passes through the atmosphere where the first pass was at the heating rate limit for a nonzero duration while the second pass only touched the heating rate constraint for an instant. When more than two atmospheric passes were used and the heating rate is constrained, all solutions reduced to the two-pass solution. It was also found that the final mass fraction was still fairly large even in the case where the heating rate was highly constrained. 
